1

Analysis and visualization of 2-mode networks
Matjaž Zaveršnik, Vladimir Batagelj and Andrej Mrvar
University of Ljubljana
Abstract: 2-mode data consist of a data matrix A over two sets U (rows) and
V (columns). One or both sets can be (very) large. Such data can be viewed
also as a (directed) bipartite network.
We can analyze 2-mode network directly or transform it into an 1-mode network over U or V . In the paper we present different approaches to the analysis
and visualization of 2-mode networks and illustrate them on real life examples. These approaches are supported in the program Pajek.
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1 2-mode networks
A 2-mode network is a structure (U, V, R, w), where U and V are disjoint sets of vertices
(nodes, units), R ⊆ U × V is a relation and w : R → IR is a weight. If no weight is
defined we can assume a constant weight w(u, v) = 1 for all (u, v) ∈ R.
A 2-mode network can be viewed also as an ordinary (1-mode) network on the vertex
set U + V , divided into two sets U and V , where the arcs can only go from U to V (a
bipartite directed graph).
Some examples of 2-mode networks are: (authors, papers, cites the paper), (authors,
papers, is cited in the paper), (authors, papers, is the (co)author of the paper), (people,
events, was present at), (people, institutions, is member of), (customers, products/services, consumption), (articles, shopping lists, is on the list), (delegates, proposals, voting
results).
Most of the techniques to analyze ordinary (1-mode) networks cannot be directly applied to 2-mode networks without modifications or change of the meaning (see ?). We
have two possibilities how to analyze 2-mode network:
• using adapted or special techniques, which are usually (but not always) very complicated,
• changing 2-mode network into two 1-mode networks (U, RRT ) and (V, RT R),
which can be analyzed separately with standard techniques.

2 Hubs and authorities
As an example of adapted technique we present “hubs and authorities”. In large networks
we often want to determine, which vertices are the most important. There are several
ways, how to define importance. Usually we compute some kind of weights on vertices
and say, that vertex with higher weight is more important.
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In directed networks, we usually associate two weights with each vertex v: the authority weight xv and the hub weight yv . If a vertex points to many vertices with large
authority weight, then it should receive a large hub weight. If a vertex is pointed to by
many vertices with large hub weight, then it should receive a large authority weight. A
vertex is a good hub, if it points to many good authorities, and it is a good authority, if it is
pointed to by many good hubs. The algorithm for determining authority and hub weights
consist of a loop, in which we iteratively compute hub/authority weights as normalized
sums of authority/hub weights of the neighbors
x = normalize(random starting vector)
repeat
y = normalize(Ax)
x = normalize(AT y)
until the largest change in components of x and y is < ε
where A is the network matrix:
(

Auv =

w(u, v)
0

(u, v) ∈ R
otherwise

Let (U, V, R, w) be a 2-mode network. Because each arc can only go from U to V , vertices
in U cannot be good authorities and vertices in V cannot be good hubs. So we associate
only one weight (importance) with each vertex.
Let xu be the importance of vertex u ∈ U , yv the importance of vertex v ∈ V and
A the adjacency matrix, where rows and columns correspond to vertices from U and
V respectively (auv = 1, if uRv and 0, otherwise). The algorithm for determining the
importance for each vertex remains unchanged, the only difference is in the interpretation
of matrix A and vectors x and y.
See section 5 for the results of described algorithm on the network of bibliographic
data.

3 Transforming 2-mode network into 1-mode networks
Another way to analyze 2-mode network is to transform it into two ordinary (1-mode)
networks (U, RRT , w1 ) and (V, RT R, w2 ), which can be analyzed separately using standard techniques. The problem is that, if the maximal degree ∆ on the set U (or V ) is
large, the obtained ordinary network contains large cliques; but if the vertex set is small,
this is not bothering (see Figure ??). From 2-mode networks over large sets U and/or V
we can get smaller ordinary networks by first partitioning U and/or V and shrinking the
clusters.
There are also different ways to define matrix multiplication – we can select different
semirings. Instead of usual operations (plus, times) we can also use (or, and) for w = 1,
(max, min), (min, +) ... In this way we get different ordinary networks.
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4 Example: Davis Southern Club Women
Davis Southern Club Women is a ’classical’ example of (small) 2-mode network. The
network has 32 vertices (18 women and 14 events) and 93 arcs represented by a binary
18 × 14 matrix (see Figure ??). Arcs represent observed attendance at 14 social events by
18 Southern women. We have an arc from woman u to event v, iff u attended the social
event v. These data were collected by Davis et al in the 1930s (see ? and ?).
Because we have a small network we can visualize it as a bipartite graph (see Figure
??). We placed events to the left and women to the right side of the picture. We also tried
to identify groups of women who attended similar events and groups of events attended
by the same women.
Figure ?? presents the same network. To obtain this picture we computed both ordinary networks (network of women and network of events) and draw each of them using
first two eigenvectors. The obtained coordinates were used to draw the original 2-mode
network. Finally we manually slightly displaced some vertices in order to obtain a more
readable picture.

5 Example: References
In this example we have 2-mode network on 674 vertices (314 authors and 360 papers)
with 613 arcs. It was produced from the bibliography of the book written by ?. The result
is an author-by-paper 2-mode network, where the author u is linked to the paper v iff u is
the (co)author of the paper v.
A network of this size can still be vizualized in the usual way, but because of larger
number of vertices any additional data (labels) should be omitted (see Figure ??) to make
the picture readable.
There exist special graphical formats and viewers, which enable us to zoom-in and
zoom-out the picture. One of such formats is SVG (Scalable Vector Graphics). The
latest graphical programs already contain viewers or even editors for SVG (the viewer
is included also in Internet Explorer 6.0). In Figure ?? a zoom-in into the network with
labels is presented.
It is easy to see that a pair of vertices u, v ∈ U (or V ) belong to the same (weakly) connected component of (U, RRT , w1 ) (or (V, RT R, w2 )) iff they belong to the same (weakly)
connected component of (U, V, R, w). The ordinary network on authors is also called a
collaboration network, since there is an edge between two authors iff they wrote a joint
paper. In Figure ?? the largest connected component of the collaboration network (86
vertices) is presented.
We applied hubs and authorities algorithm to the biggest weak component of the original 2-mode network and got the following results. The most important authors, ordered
descending by their importancy weights are Klavžar (0.6621643), Imrich (0.4118873),
Mulder (0.1989839), Mohar (0.1730697) and Gutman (0.1446318), while the most important papers are imkl-99b (0.4073044), klgu-95 (0.3135055), klmu-98 (0.3018555),
klmu-99 (0.2755221) and klgu-97 (0.2581323).
For the the largest connected component of the collaboration network the results of
hubs and authorities algorithm are a little bit different. The most important authors are
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Klavžar (0.5883468), Imrich (0.4223956), Mohar (0.3885042), Gutman (0.3416242) and
Pisanski (0.2379134).
The author’s degree in the original 2-mode network is the number of his papers, cited
in the book, while the degree in the collaboration network is the number of his coauthors.
Authors with many papers are Imrich (26), Klavžar (22), Bandelt (12), Mulder (11), Mohar (10), Lovasz (10) and Zh1u (10), while authors with many coauthors are Hell (12),
Klavžar (11), Imrich(10), Bandelt (10), Lovasz (8) and Pisanski(7).
Another measure used to sort out the most important vertices is betweenness centrality. Vertex is central, if it lies on several shortest paths among other pairs of vertices. Authors with high betweenness centrality are often some kind of middlemans between other
authors: Imrich (0.4218487), Hell (0.4007937), Klavžar (0.3668067), Pultr (0.3528478),
Bandelt (0.3003735) and Lovasz (0.2431373).

6 Example: Slovenian journals and magazines
Over 100.000 people in Slovenia have been asked which Slovenian magazines and journals they read (survey conducted in 1999 and 2000, source CATI Center Ljubljana). They
listed 124 different magazines and journals. The collected raw data can be represented as
a 2-mode network:

Reader1
Reader2
Reader3
............

Delo
x

Dnevnik

Sl.novice
x

x
x
.....

.......

.........

...
...
...
...
...

From this 2-mode reader/journal network we generated the corresponding ordinary network on journals using the (+, ·) semiring:
• the value of an undirected edge linking two journals counts the number of readers
of both journals.
• loop on selected journal counts the number of all readers that read this journal.
The obtained matrix (A):

Delo
Dnevnik
Sl.novice
........

Delo
20714

......

Dnevnik
3219
15992
.....

Sl.novice
4214
3642
31997
.....

...
...
...
...
...

The ordinary network on readers would be huge (more than 100.000 vertices) containing
large cliques (readers of particular journal).
Because of the huge differences in number of readers of different journals it is very
hard to make any conclusions about journals relationships according to the raw data. First
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we have to normalize the network – all the normalized values are on the interval [0, 1].
There exist several types of normalizations:
Geoij = √
Inputij =

aij
aii ajj

aij
ajj

aij
Rowij = P
j aij
Minij =

aij
min(aii , ajj )
(

MinDirij =

aij
aii

aii ≤ ajj
0 otherwise

aij
aii
aij
Colij = P
i aij

Outputij =

Maxij =

aij
max(aii , ajj )
(

MaxDirij =

aij
ajj

aii ≤ ajj
0 otherwise

In Slovenia we have some publishing houses (Delo, Dnevnik, Večer, . . . ), which
publish several magazines and journals. For example, Delo publishes Delo, Nedelo,
Slovenske novice, Delničar, Vikend magazin, Ona, Moj mikro, Jana, Lady, . . . , Dnevnik
publishes Dnevnik, Nedeljski dnevnik, Hopla, Pilot, . . . , while Večer publishes Večer,
Naš dom, 7D, TV večer, . . .
There are also several different types of journals and magazines: daily papers (Delo,
Dnevnik, Večer, Slovenske novice, Ekipa), regional papers (Dolenjski list, Novi tednik,
Primorske novice, Ptujski tednik, Vestnik Murska Sobota), business (Delničar, Finance,
Gospodarski vestnik, Kapital, Manager, Obrtnik, Podjetnik), agricultural (Kmečki glas,
Slovenske brazde, Kmetovalec), juvenile magazines (Ciciban, Pil, Firbec, Smrklja, Cool),
general interests (7D, Nedeljski dnevnik, Nedelo, Radar), computers (Moj Mikro, Monitor, Win.ini), women (Jana, Lady, Naša žena, Anja, Viva, Otrok in družina, Moj malček,
Mama), religion (Družina, Ognjišče), actuality (Mag, Mladina), home (Naš dom, Jana
Ambient, Moj mali svet), relaxation (Kih, Razvedrilo, Salomonov ugankar, Antena, Hopla, Lady, Stop), mysticism (Misteriji, Aura), supplements (Delo in dom, Pilot, Vikend
magazin, Ona).

6.1

Geo normalization

The Geo normalization of an element of the network matrix is obtained by dividing it with
the geometric mean of corresponding diagonal elements. In our case this normalization is
a measure of association (correlation) between journals (see Figure ??).

6.2

MinDir normalization

The MinDir normalization makes two things:
• converts an undirected network into a directed one - an arc points from the journal
with less readers to the journal with higher number of readers;
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• the value on an arc corresponds to the percentage of readers of the first journal, who
read also the second one.
In our case this normalization measures the dependence between journals (see Figure ??).
On both pictures the size of vertices corresponds to the number of readers. The colors determine weakly connected components. The thickness of the lines represents the
normalized value of the links. Only the lines with values above some threshold value are
displayed.
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Figure 2: Davis data matrix
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OLIVIA
E13
E12
E14
E10
E11

FLORA

SYLVIA
HELEN
VERNE
NORA

E9
MYRNA
PEARL
KATHERINE
DOROTHY
E7
E8
E6

RUTH
EVELYN
THERESA

E3
E2
E5
E1
E4

ELEANOR
BRENDA
FRANCES
LAURA

CHARLOTTE

Figure 3: Davis – Bipartite network
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Figure 4: Davis – First two eigenvectors on U and V , combined, manual editing
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Figure 5: References – 2-mode network: papers (darker) and their authors (lighter)
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Figure 6: References – Zoom in, with labels
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Nedela, R.

Cyvin, S.J.

Dakic, T.

Shawe-Taylor, J.

Zmazek, B.

Milutinovic, U. Slutzki, G.

Gutman, I.

Kumar, R.

Pisanski, T.

Klavzar, S.

Batagelj, V.

Jha, P.K.

Mohar, B.

P
Agnihotri, N.

White, A.T.

Skrekovski, R.Chepoi, V.
Formann, M.

Hagauer, J.

Zerovnik, J.

Skoviera, M.
Haddad, R.W.

vande V

Seifter, N.
Izbicki, H.

Idury, R.M.

Mulder, H.M.

Aurenhammer, F.

Bandelt

Feigenbaum, J.

Dorfler, W.

Schaffer, A.A.
Hershberger, J.,
Burr, S.A.

Wagner, F.
Greenwell, D.

Gyori, E.

Plummer, M.D.
Erdos, P.

Lovasz, L.

Graham, R.L.

Chung, F. R.K.

Nowitz, L.A.

Miller, D.J.
Neumann-Lara, V.

Hahn, G.

Roberts, F.S.

Eaton, N.

Tardif, C.

Neufeld, S.

Larose, B.

Roth, R.L.

Figure 7: References – Collaboration network
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Poljak, S.
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Saks, M.E.

Haggkvist, R.

Pultr, A.

Groetschel, M.
West, D.B.

Imrich, W.

Wilkeit, E.

Laviolette, F. Rall, D.F.
Hartnell, B.L.

Rival, I.

Nowako
Brown,
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Delo
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Moj dom (Dnevnik)
Pilot
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Figure 8: Geo normalization
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Figure 9: MinDir normalization
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